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Abstract – In view of its local character, the semiclassical or Boltzmann theory is intrinsically
unable to describe transport phenomena on ultrashort space and time scales, and to this purpose
genuine quantum-transport approaches are imperative. By employing a density-matrix simulation
strategy recently proposed, we shall demonstrate its power and flexibility in describing quantum-
diffusion phenomena in nanoscale semiconductors. In particular, as for the case of carrier-carrier
relaxation in photoexcited semiconductors, our analysis will show the failure of simplified dephas-
ing models in describing phonon-induced scattering non-locality, pointing out that such limitation
is particularly severe for the case of quasielastic dissipation processes.
In spite of the intrinsic validity limits of the semiclas-
sical transport theory [1], during the last decades a num-
ber of Boltzmann-like Monte Carlo simulation schemes
have been successfully employed for the investigation of
new-generation semiconductor nanodevices [2–11]. Such
modeling strategies —based on the neglect of carrier
phase coherence— are however unable to properly describe
space-dependent ultrafast phenomena. To this aim, the
crucial step is to adopt a quantum-mechanical description
of the carrier subsystem [12–16]; this can be performed
at different levels, ranging from phenomenological dissipa-
tion/decoherence models [17,18] to quantum-kinetic treat-
ments [19, 20]. Indeed, in order to overcome the intrin-
sic limitations of the semiclassical picture in properly de-
scribing ultrafast space-dependent phenomena —e.g., real-
space transfer and escape versus capture processes— Ja-
coboni and co-workers have proposed a quantum Monte
Carlo technique [21], while Kuhn and co-workers have pro-
posed properly designed quantum-kinetic treatments [22];
however, due to their high computational costs, these non-
Markovian density-matrix approaches are currently un-
suitable for the design and optimization of new-generation
nanodevices.
In order to overcome such limitations, a conceptually
simple as well as physically reliable quantum-mechanical
generalization of the conventional Boltzmann theory has
been recently proposed [23]. The latter preserves the
power and flexibility of the semiclassical picture in de-
scribing a large variety of scattering mechanisms; indeed,
employing a microscopic derivation of generalized scatter-
ing rates based on a recent reformulation of the Markov
limit [24], a density-matrix equation has been derived, able
to properly account for space-dependent ultrafast dynam-
ics in semiconductor nanostructures.
Primary goal of this Letter is to apply the density-
matrix approach proposed in [23] to the investigation of
genuine quantum-diffusion phenomena in state-of-the-art
nanoscale semiconductors. Indeed, while the numerical
analysis presented in [23] can be regarded as a “proof
of concept” and is limited to a qualitative evaluation of
the initial charge-density variation in a GaAs structure
due to acoustic-phonon scattering (whose impact in a real
nanodevice is definitely negligible), in this Letter we shall
present space- as well as time-resolved simulated experi-
ments of ultrafast carrier dynamics in GaN-based nano-
materials in the presence of a strong electron-LO phonon
coupling, providing a quantitative investigation of free-
carrier versus scattering-induced diffusion. Moreover, as
for the case of carrier-carrier relaxation in photoexcited
semiconductors [19], our analysis will show the failure of
simplified dephasing models in describing phonon-induced
scattering non-locality, pointing out that such limitation is
particularly severe for the case of quasielastic dissipation
processes.
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Generally speaking, the key interplay between phase co-
herence and dissipation/decoherence phenomena may be
conveniently described through the equation of motion for
the electronic single-particle density matrix [16]
dρα1α2
dt
=
dρα1α2
dt
∣∣∣∣
sp
+
dρα1α2
dt
∣∣∣∣
mb
, (1)
where
dρα1α2
dt
∣∣∣∣
sp
=
ǫα1 − ǫα2
ih¯
ρα1α2 (2)
accounts for the coherent evolution dictated by the non-
interacting single-particle Hamiltonian (here α and ǫα de-
note the single-particle eigenstates and energy levels cor-
responding to the nanodevice potential profile), while the
last (many-body) term encodes dissipation and decoher-
ence processes, arising from the energy exchange between
the carriers and the host material. Equation (1) applies
to a broad variety of problems ranging from quantum-
transport to ultrafast-optics phenomena, a remarkable ex-
ample being the semiconductor Bloch equations [13].
It is worth stressing that the degree of accuracy of the
density-matrix equation (1) is intimately related to an ap-
propriate choice of its last term. Indeed, oversimplified
treatments —e.g., purely phenomenological T1T2 models
as well as conventional Markov treatments [25] may lead to
a violation of the positive-definite character of the density
matrix ρα1α2 , a mandatory prerequisite of any quantum-
mechanical time evolution fulfilled, e.g., by employing so-
called Lindblad superoperators [26].
The simplest parameter-free form of the many-body
contribution in (1) is given by the following relaxation-
time model [27]:
dρα1α2
dt
∣∣∣∣
mb
= − Γα1 + Γα2
2
(
ρα1α2 − ρ◦α1α2
)
. (3)
Here ρ◦α1α2 = f
◦
α1
δα1α2 is the equilibrium density matrix
dictated by the host material, and
Γα =
∑
s
∑
α′
P sα′α (4)
is the total scattering rate (i.e., summed over all final
states α′ and relevant interaction mechanisms s) corre-
sponding to the microscopic transition probabilities P sα′α
of the semiclassical transport theory given by the stan-
dard Fermi’s golden rule [1]. Within such relaxation-time
paradigm, the diagonal contributions (α1 = α2) describe
population transfer (and thus energy dissipation) toward
the equilibrium carrier distribution f◦α1 according to the
relaxation rate Γα1 , whereas the off-diagonal contribu-
tions (α1 6= α2) describe a decay of the inter-state po-
larizations according to the decoherence/dephasing rate
(Γα1 + Γα2)/2.
In spite of its simple structure and straightforward phys-
ical interpretation, the relaxation-time term (3) is intrin-
sically different from the in- minus out-scattering struc-
ture of the Boltzmann collision term, and for this rea-
son it may lead to a significant overestimation of deco-
herence processes (see below). To overcome this seri-
ous limitation, inspired by the conventional semiclassical
theory, a novel Markov procedure has recently been pro-
posed [24]. Following this alternative adiabatic-decoupling
scheme, it is possible to perform a microscopic deriva-
tion of a Lindblad-like scattering superoperator; more
specifically, for any one-electron interaction mechanism s
(carrier-phonon, carrier-plasmon, carrier-impurity scatter-
ing, etc.) in the low-density limit one gets
dρα1α2
dt
∣∣∣∣
mb
=
dρα1α2
dt
∣∣∣∣
in
− dρα1α2
dt
∣∣∣∣
out
, (5)
where
dρα1α2
dt
∣∣∣∣
in
=
1
2
∑
s
∑
α′1α
′
2
Psα1α2,α′1α′2ρα′1α′2 +H.c. (6)
and
dρα1α2
dt
∣∣∣∣
out
=
1
2
∑
s
∑
α′1α
′
2
Ps∗α′1α′1,α1α′2ρα′2α2 +H.c. (7)
(H.c. denoting the Hermitian conjugate) are so-called in-
and out-scattering superoperators [24] written in terms of
generalized scattering rates
Psα1α2,α′1α′2 = A
s
α1α
′
1
As∗α2α′2 , (8)
where the explicit form of the Lindblad matrix elements
Asαα′ depends on the particular interaction mechanism
considered. It is vital to stress that the diagonal elements
of the generalized scattering rates in (8) coincide with the
conventional scattering rates of the semiclassical theory,
namely Psα′α′,αα = P sα′α.
The quantum-mechanical approach proposed in [23]
(and employed in the present work) is then given by
the density-matrix equation (1) equipped with the micro-
scopic scattering superoperator in (5). Given the (time-
dependent) solution ρα1α2 of our density-matrix equation,
any single-particle quantity can be straightforwardly de-
rived. In particular, for the case of a one-dimensional sys-
tem with coordinate z and momentum k, the space and
momentum charge distributions are simply given by
n(z) =
∑
α1α2
φα1(z)ρα1α2φ
∗
α2
(z) (9)
and
n(k) =
∑
α1α2
φ˜α1 (k)ρα1α2 φ˜
∗
α2
(k) , (10)
where φα(z) ≡ 〈z|α〉 denotes the real-space wavefunction
corresponding to the eigenstate α, and φ˜α(k) ≡ 〈k|α〉 its
Fourier transform.
Combining the prescription in (9) with the density-
matrix equation (1), the time evolution of the spatial car-
rier density can be written as
∂n(z)
∂t
=
∂n(z)
∂t
∣∣∣∣
sp
+
∂n(z)
∂t
∣∣∣∣
mb
(11)
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with
∂n(z)
∂t
∣∣∣∣
sp
=
∑
α1α2
φα1(z)
ǫα1 − ǫα2
ih¯
ρα1α2φ
∗
α2
(z) (12)
and
∂n(z)
∂t
∣∣∣∣
mb
=
∑
α1α2
φα1(z)
dρα1α2
dt
∣∣∣∣
mb
φ∗α2(z) . (13)
It is possible to show that, also for the simplest case of
a semiconductor bulk system (whose single-particle states
are momentum eigenstates: α = k), in the presence of a
non-parabolic band the single-particle evolution in (12) de-
viates from the classical diffusion term [28–30]. Moreover,
opposite to the Boltzmann theory, the scattering-induced
variation in (13) is in general different from zero (see Fig. 3
below); indeed, the action of the relaxation-time term (3)
as well as of the quantum-mechanical scattering super-
operator (5) is spatially non-local, in clear contrast to
the Boltzmann collision term. Such non-local character
will also manifest itself via a scattering-induced current,
which can still be described via a generalized charge con-
tinuity equation; indeed, as pointed out in [31], simplified
dissipation/decoherence models (e.g. effective Pauli mas-
ter equations or relaxation-time treatments) may lead to
charge-continuity violations; This is definitely not the case
of the present Lindblad-like microscopic approach.
Let us now apply the density-matrix formalism just de-
scribed to the time-dependent simulation of ultrafast car-
rier dynamics in nanoscale materials. To this aim, we con-
sider an effective one-dimensional GaN-based nanostruc-
ture, whose main energy-dissipation/decoherence mecha-
nism is carrier-LO phonon scattering. In order to mimic
the main features of a realistic GaN-based material, the
following parameters have been employed: effective mass
m∗ = 0.2m◦ (m◦ denoting the free-electron one), LO-
phonon energy ǫLO = 80meV, and average bulk carrier-
LO phonon scattering rate τLO = 25 fs.
For all the simulated experiments presented below we
have chosen as initial condition a single-particle density
matrix ρα1α2 corresponding to a gaussian carrier distribu-
tion both in space and momentum, namely
n(z) ∝ e
− z2
2∆2
z√
2π∆z
, n(k) ∝ e
− k2
2∆2
k√
2π∆k
, (14)
where ∆z describes the degree of spatial localization of
our initial state, and ∆k =
√
m∗kBT
h¯
describes the thermal
fluctuations of our carrier gas. It is easy to show that this
corresponds to choosing an initial density matrix of the
form
ρα1α2 ∝
∫
dz dkW∗α1α2(z, k)
e
− z2
2∆2
z e
− k2
2∆2
k√
2π∆z∆k
, (15)
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Fig. 1: Room-temperature quantum-diffusion dynamics in a
GaN bulk system obtained via the Lindblad scattering super-
operator in (5): sub-picosecond time evolution of the spatial
carrier density corresponding to the initial mixed state in (15)
with ∆z = 10nm (see text).
where
Wα1α2(z, k) =
∫
dz′φα1
(
z +
z′
2
)
e−ikz
′
√
2π
φ∗α2
(
z − z
′
2
)
(16)
is the Weyl-Wigner transform corresponding to our single-
particle basis states α [16].
Our first set of room-temperature simulated experi-
ments corresponds to a GaN bulk system (i.e., no con-
finement potential profile). Figure 1 displays the sub-
picosecond time evolution of the spatial carrier density
corresponding to the initial mixed state in (15) with ∆z =
10nm, obtained employing the Lindblad scattering super-
operator in (5). Such ultrafast diffusion dynamics is the
result of a highly non-trivial interplay between the single-
particle and many-body contributions in (11); indeed, it
is well known that also in the presence of a spatially local
(i.e., Boltzmann) scattering model (for which the contribu-
tion in (13) is always equal to zero) any scattering-induced
carrier redistribution tends to speed up the diffusion pro-
cess [32]. In order to better evaluate the genuine diffusion
contribution due to scattering non-locality, it is then cru-
cial to start our simulated experiments from a thermal-
ized carrier distribution; this has been realized adopting
the initial state in (15); indeed, for a parabolic-band bulk
system in the absence of scattering non-locality, the time
evolution of the spatial carrier density is described by the
following (time-dependent) Gaussian distribution
n(z, t) ∝ e
− z2
2∆2
z
(t)
√
2π∆z(t)
(17)
with
∆z(t) = ∆z
√
1 +
t2
τ2d
, (18)
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Fig. 2: Room-temperature spatial carrier density at t = 50 fs
in a GaN bulk system corresponding to the initial mixed state
in (15) with ∆z = 10 nm. Here, the local-scattering solution in
(17) (dashed curve) is compared to the corresponding results
obtained adopting as scattering models the Lindblad superop-
erator (5) (solid curve) as well as the relaxation-time model (3)
(dash-dotted curve); the initial distribution (thin solid curve)
is also shown (see text).
where τd = (m
∗∆z)/(h¯∆k) describes the typical time scale
of the scattering-free diffusion process (for the case of
Fig. 1 the latter is about 70 fs).
In order to better elucidate the impact of scattering-
induced diffusion, in Fig. 2 the local-scattering solution in
(17) at t = 50 fs (dashed curve) is compared to the corre-
sponding results obtained adopting as scattering models
the Lindblad superoperator (5) (solid curve) as well as
the relaxation-time model (3) (dash-dotted curve). As we
can see, both scattering treatments give rise to a diffusion
speed up, and the effect is particularly pronounced for the
case of the relaxation-time model (see dash-dotted curve).
To better identify the physical origin and relative mag-
nitude of such diffusion speed up, it is useful to analyze
the shape of the scattering-induced density variation in
(13). Figure 3 shows the time derivative of the spatial
carrier density (see Eq. (11)) at t = 0 corresponding to
the Lindblad superoperator (5) (solid curve) and to the
relaxation-time model (3) (dash-dotted curve). As we
can see, within the Lindblad-superoperator model (solid
curve) the phonon-induced time variation displays a nega-
tive peak corresponding to a replica of the initial distribu-
tion (so-called out-scattering contribution induced by the
last term in (5)) and, more importantly, a positive contri-
bution extending over a much larger range (so-called in-
scattering contribution induced by the first term in (5)).
This is exactly the signature of scattering-induced spatial
non-locality we were looking for. Also for the case of the
simplified relaxation-time model (dash-dotted curve) we
deal with a significant scattering non-locality; however,
opposite to the Lindblad model, in this case the action of
the scattering comes out to be totally non-local, as con-
firmed by its nearly constant values at large coordinate
values. Such highly non physical behavior gives rise to
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Fig. 3: Phonon-induced spatial non-locality in a GaN bulk sys-
tem: time derivative of the spatial carrier density (see Eq. (11))
at t = 0 corresponding to the Lindblad superoperator (5)
(solid curve) and to the relaxation-time model (3) (dash-dotted
curve); the initial distribution (thin solid curve) is also shown
(see text).
an increased dissipation/decoherence dynamics, which in
turn results in the significant overestimation of the dif-
fusion process reported in Fig. 3. It is worth noting a
qualitative similarity between the scattering-induced dif-
fusion scenario of Fig. 3 and the numerical results pre-
sented in [31]; we stress, however, that the transport
model employed in their numerical analysis is not of Lind-
blad form and, more importantly, neglects non-diagonal
density-matrix elements, giving rise to a possible overesti-
mation of the diffusion process.
To quantify the amount of extra diffusion reported in
Figs. 2 and 3, let us introduce the effective carrier distri-
bution width
λ =
√∫
z2n(z)dz∫
n(z)dz
. (19)
Figure 4 shows the time evolution of the above effec-
tive distribution width λ. Here, the local-scattering re-
sult λ = ∆z(t) (dashed curve) is compared to the corre-
sponding results obtained adopting as scattering models
the Lindblad superoperator (5) (solid curve) as well as
the relaxation-time model (3) (dash-dotted curve). As ex-
pected, the relaxation-time model gives rise to a strong
overestimation of the diffusion process (see dash-dotted
curve) compared to the Lindblad-superoperator treatment
(solid curve).
As anticipated, the relaxation-time model in (3) does
not exhibit the well established in- minus out-scattering
structure of the Boltzmann collision term as well as of
the Lindblad superoperator in (5); it follows that within
such simplified model the decay of the inter-state polar-
ization is not dictated by a balance between in- and out-
contributions, but is determined by out-scattering contri-
butions only, leading to an overestimation of decoherence.
In order to elucidate this crucial point, let us start by
analyzing the explicit form of Eq. (1) for the case of the
p-4
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Fig. 4: Effective spatial-distribution width λ in (19) as a func-
tion of time. Here, the local-scattering result (see Eq. (17))
(dashed curve) is compared to the corresponding results ob-
tained adopting as scattering models the Lindblad superoper-
ator (5) (solid curve) as well as the relaxation-time model (3)
(dash-dotted curve) (see text).
relaxation-time model in (3). By denoting with
ρiα1α2(t) = ρα1α2(t)e
− (ǫα1−ǫα2 )t
ih¯ (20)
the single-particle density matrix written in the interac-
tion picture, the time evolution of its non-diagonal (α1 6=
α2) elements is given by
dρiα1α2
dt
= − Γα1 + Γα2
2
ρiα1α2 , (21)
which shows that, in addition to the free rotation in (20),
the inter-state polarization decays according to the deco-
herence rate (Γα1 + Γα2)/2. In contrast, by inserting into
Eq. (1) the explicit form of the Lindblad superoperator
(5), it is easy to get
dρiα1α2
dt
= (Lα1α2,α1α2 + Lα2α1,α2α1) ρiα1α2+
+
∑
α′1α
′
2 6=α1α2
(
e
(ǫ
α′1
−ǫ
α′2
−ǫα1+ǫα2 )t
ih¯ Lα1α2,α′1α′2ρiα′1α′2 +H.c.
)
(22)
with
Lα1α2,α′1α′2 =
1
2
∑
s
(
Psα1α2,α′1α′2 −
∑
α′
Ps∗α′α′,α1α′1δα2α′2
)
.
(23)
In the presence of strongly nonelastic interaction pro-
cesses, the overall impact of the second term in (22) is
strongly reduced thanks to the fast temporal oscillations
of the various free-rotation phase factors; moreover, tak-
ing into account that in such nonelastic-interaction limit
Psαα′,αα′ → 0, one gets Lαα′,αα′ → −Γα/2, which implies
that in this limit the Lindblad-model equation in (22) re-
duces to the relaxation-time one in (21). In contrast, in
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Fig. 5: Same as in Fig. 4 but for a reduced value of the LO-
phonon energy (ǫLO = 20meV) (see text).
the presence of quasielastic processes one deals with a sig-
nificant cancelation between in- and out-scattering contri-
butions, not accounted for by the relaxation-time equation
(21). It is worth stressing that such intrinsic limitation of
relaxation-time models has been already recognized in the
analysis of ultrafast phenomena in photoexcited semicon-
ductors [19], showing that the latter becomes particularly
severe for the case of quasielastic processes [33].
To confirm this physical interpretation, we have re-
peated the simulated experiments presented so far reduc-
ing the GaN LO-phonon energy by a factor 4 (from 80 to
20meV), such to mimic the quasielastic-process limit. The
time evolution of the effective distribution width λ corre-
sponding to these new simulations is reported in Fig. 5. As
expected, compared to the results reported in Fig. 4, the
decoherence overestimation produced by the relaxation-
time model (dash-dotted curve) is significantly increased,
while the diffusion speed up induced by the Lindblad su-
peroperator (solid curve) is strongly reduced. Indeed, in
spite of the fact that the LO-phonon energy is still signif-
icantly different from zero, the effect of phonon scattering
is already negligible. This is a clear indication that in
the presence of genuine quasi elastic processes like, e.g.,
carrier-acoustic phonons or carrier-carrier scattering (i)
the relaxation-time model is definitely inadequate, and
(ii) quantum diffusion due to scattering non-locality is ex-
pected to play a minor role.
As a final simulated experiment aimed at showing the
power and flexibility of the present quantum-transport
approach, we have investigated the ultrafast carrier dy-
namics in a GaN-based superlattice. Figure 6 displays
the sub-picosecond time evolution of the spatial carrier
density corresponding to the initial mixed state in (15)
with ∆z = 2nm, obtained employing the Lindblad scat-
tering superoperator in (5). Compared to the correspond-
ing bulk-system result of Fig. 1, here the presence of the
superlattice structure (see lower panel) produces a slow
down of the diffusion process (notice that, in order to pro-
p-5
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Fig. 6: Room-temperature quantum-diffusion dynamics in
a GaN-based superlattice (band offset of 0.3 eV and well and
barrier widths of 4.5 and 1 nm) obtained via the Lindblad scat-
tering superoperator in (5): sub-picosecond time evolution of
the spatial carrier density corresponding to the initial mixed
state in (15) with ∆z = 2nm (see text).
duce a similar effect, here the initial distribution width
has been reduced by a factor 5 (see Eq. (18))). Indeed, the
semiconductor nanostructure gives rise to a non-trivial in-
terplay between the spatial quantum confinement dictated
by the nanostructure potential and the scattering-induced
diffusion, resulting in a superlattice-induced modulation
of the density profile. Such space dependent phenomena
—not possible via Boltzmann-like Monte Carlo simula-
tion schemes— constitutes a distinguished feature of the
present quantum mechanical treatment.
Let us finally stress that in the presence of particu-
larly strong interaction mechanisms as well as of extremely
short electromagnetic excitations, the application of the
Markov limit becomes questionable [19, 20]; however, for
a wide range of nanodevices and operation conditions the
present Markov treatment is expected to well reproduce
the sub-picosecond dynamics induced by a large variety of
single-particle scattering mechanisms.
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